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A MULTIPLE SCALE SOLUTION FOR
CIRCULAR CYLINDRICAL SHELLS
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Abstract~A solution is presented for the differential equation governing the axisymmetric small deformation of
a circular cylindrical shell having a thickness that varies in an arbitrary manner along its axis. The method of
analysis used is Cochran's method of multiple scales which is a formalized technique for solving singular pertur­
bation problems. The results are compared with known closed form solutions where such solutions exist.

NOTATION

The following symbols are used in this paper:

a radial distance to the middle surface of the cylinder
A, B, C, D, Ao" Bo" Co" DOl constants of integration
£ a small perturbation parameter
f non-dimensionalized thickness function (t/t o)
F, G, H functions off
g a function of order Et in the boundary layer
L the length of the cylinder
t the thickness of the cylinder on a transverse cross-section
to a reference thickness of the cylinder
x distance measured from the edge of the shell along its axis
x non-dimensionalized displacement (x/a)
~, r" ( independent variables

1. INTRODUCTION

A SINGULAR perturbation problem results from an attempt to apply a straightforward
perturbation technique to the differential equation governing the axisymmetric linear
deformation of a circular cylinder. This problem is solved herein by a technique due to
Cochran [1 Jwhich is called the method of multiple scales [2]. The solution is for a circular
cylinder having a thickness that varies in an arbitrary, but smooth, manner along the axis
of the shell.

Asymptotic solutions exist for the equations governing the axisymmetric small deforma­
tion of shells using the Langer method and Blumenthal's technique [3-5]. Cochran's
method of multiple scales has been applied to other fields of interest [6, 7J but no record can
be found of its application to shell problems, The intent of the present paper is to demon­
strate the utility of Cochran's method in the area of shell analysis.

2. THE GOVERNING DIFFERENTIAL EQUATION

The non-dimensionalized homogeneous differential equation governing the axisym­
metric linear deformation ofa circular cylinder having a thickness that varies in an arbitrary
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manner along its axis is [8]

where
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()'=~
dx'

_ x
x = --,

a

(I)

(2)

(3)

(4)

(5)

OJ is the radial displacement of a point on the middle surface, t is the thickness of the shell
on a particular transverse cross-section of the shell, x is the distance measured from the
edge of the shell along its axis, to is some reference thickness ofthe shell, v is Poisson's ratio,
and a is the radial distance to the middle surface of the shell.

Equation (1) can be put in a more convenient form by letting

and

Then equation (1) becomes

II =e,
f~ = 6er,

(6a)

(6b)

(6c)

(7)

It is assumed that the thickness function f is a well behaved function of order one in the
region of interest.

3. SOLUTION BY THE MULTIPLE SCALE METHOD

An attempt to apply a straightforward perturbation technique to (1) fails due to a loss
of higher derivatives, and a corresponding loss in boundary conditions, in the differential
equation governing the first approximation. The region where the boundary conditions
cannot be applied is frequently called a boundary layer.

For the first part of the analysis it is assumed that the boundary layer occurs at x equal
to zero only. This is only done for convenience and is not a limitation of the method.

Following Cochran [1], this singular perturbation problem is solved by selecting the
new set of independent variables:

g(()
'1 = -,.,

e'
(8)
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and

(= x,
together with the asymptotic expansion

0Cl

w(x, e) '" L wm«(, tT)em
/
2

.

m=O
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(9)

(10)

The new independent variable tT is of order one near xequal to zero and corresponds to the
inner variable in the method of inner and outer expansions [2]. The variable t; corresponds
to the outer variable in the latter method.

Substituting (10) into equation (1) and equating to zero the coefficients of like powers of
e results in the following system of equations:

first order terms (eO):

second order terms (e+) :

(g'):tlWI~~~~+fw I = - FOWO'l'l~ - F Iwo~~~~,

third order terms (e):

(g'):tIW2~~~~+fw2 = - F OWI~~~

- FIWl~~~~ - F2WO~~ - F3WO~~~ - F4WO~~'1~'

where

Fo 6(g'fg'JI +(g')Y2,

F 1 4(g')YI'

F 2 4g'g"Jl +3(g"ffl +3g'g'J2 +(gft;,

F3 = 12g'g'JI + 3(g')~f2'

and

(lla)

(11 b)

(1lc)

(12a)

(l2b)

(12c)

(l2d)

(l2e)

The subscripts tT and I; in the above equations denote partial differentiation with respect to
the corresponding variable.

3.1 First approximation

The first approximation to the problem is obtained from the bounded solution of (II a)
which is

(13)

where

(14)
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the functions g(n, Co(O and Do(') are determined on the basis of what will be referred to as
Lighthill's principle. Lighthill's principle requires that, "each approximation shall be no
more singular than its predecessor--or vanish no more slowly-as G --;. 0 for arbitrary
values of the independent variables" [2].

Applying Lighthill's principle to the second order problem (11 b) gives:

(15)

and

(16)

Equation (16) must hold for arbitrary 1]. Thus, substituting (13) into (16) and setting coeffi­
cients of e- (J~ cos f31], I]e - (J~ cos f31], e- (J~ sin f31], and I]e - (J~ sin f31] equal to zero gives:

where

0= f31,

0= GCo+CQ,

0= GDo+DQ,

3f'
G=_:-·

4.f'

(l7a)

(17b)

(17c)

(18)

These equations have been simplified by using the relations given in (6) and (14).
Equation (17a) establishes the condition that f3 must be a constant. Since it is an arbitrary

constant, there is no loss in generality if it is set equal to one. Substituting f3 equal to one in
(14) and integrating to find g. the form of 1], as given by (8), then becomes

From (l7b, c) it is found that

and

C
Co =

D
Do =

( 19)

(20a)

(20b)

where C and D are constants of integration to be determined from the boundary conditions
at x equal to zero.

3.2 Second approximation
The solution of the second order problem, as represented by equation (15), is

(21)
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It is then resolved, on the basis of applying Lighthill's principle to (lie), that

1
C t = [CoI-(C+D)F]r i

and

in which

f[ 7 r 3 (f')2]
F = F(() = 16 rt+64 ff d(.
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(22a)

(22b)

(23)

(24)

Cal and DOl are constants of integration to be determined from the boundary conditions
at xequal to zero.

3.3 Summary of results

So far the analysis has been based on the assumption that the boundary layer is at x
equal to zero. If the boundary layer were at the edge furthest from xequal to zero, say x
equal to L, the solution would be developed in the same fashion. These two solutions could
then be superimposed to find the solution of the homogeneous differential equation (1)
for a circular cylinder with a boundary layer at both ends.

Introducing the nondimensionalized coordinate

L-x
~=~

a

it is obvious that the two term asymptotic solution to the differential equation (1) for a
boundary layer at ~ equal to zero and also xequal to zero is

where

and

W m= [Am(~) cos rM)+ Bm(~) sin '1(~)]e-~(~)

+ [Cm(x) cos '1(x) +Dm(x) sin '1(x)]e -~(xl,

1 r= d(
'1(z) = (28)t Jo f±(O'

Ao(~) = AH, Bo(~) = BH,

Co(x) = CH, Do(~) = DH,

Al(~) = [A OI -(A +B)F(~)]H,

Bl(~) = [BOI +(B-A)F(~)]H,

CI(x) = [CoI-(C+D)F(x)]H,

DI(x) = [DOl +(D-C)F(x)]H,

1
H = H(z) = ri(z).

(25)

(26)

(27)

(28a, b)

(28c, d)

(28e)

(281)

(28g)

(28h)

(29)
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In the above, A,B,C,D,AoI,BoI,COI and DOl are constants of integration and z is set
equal to l; or x where appropriate. The function F is defined by (23) in terms of ( which is
replaced by l; or xwhere necessary.

CONCLUSIONS

If the solution is a valid one it should reduce to or asymptotically approach, as e -+ 0,
known closed form solutionsofequation (1) for thosecases where suchclosed form solutions
exist. In particular, when f is a constant it is seen the solution is identically the known
solution

w = [A cos bl;+B sin bl;]e-b~+[Ccos bx+D sin bx]e-b.i

where

1
b = (2e)t.

The solution for fvarying linearly in the form

f= I-aX

is in terms of Kelvin functions [9] and is

W = )t[A ber'y+B bei'y]

for a boundary layer at xequal to zero where

2
y = ---:fJ(l-xa:~

Cle'

a: = (to-tl)~
to L'

to is the thickness at the edge x equal to zero and t 1 is the thickness at the edge x equal to
L. Ife -+ 0 the Kelvin functions can be written in the asymptotic series from [9] thus giving

W '" )t[C cos J2 +Dsin ;2] el"l
2

for the first term of the series. This is precisely the first approximation. wo. as obtained in
the present solution.

To obtain the solution for other thickness variations, it is only necessary to substitute
the thickness function•.f. into equations (27), (28) and (29). Higher order approximations
(e.g. W2' W3' ••.) could be obtained by a continuation of the method. but for most problems
only the first approximation, wo. is necessary.

The solution points out some of the unique characteristics of Cochran's method of
multiple scales. In solving this problem it was not necessary to assume the form of either
the solution or the inner variable as is commonly done in other methods. Although the
method was used on an ordinary differential equation in this presentation. it has also been
used in solving certain partial and nonlinear differential equations [1].
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Work is presently being carried out to solve the complete axisymmetric equations for
small deformations of orthotropic shells by Cochran's method.

Acknowledgement-A portion of this analysis represents work done [10] as partial fulfillment of the Ph.D. re­
quirements at Virginia Polytechnic Institute.
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A6cTpaKT-,LI,aeTcSI peweHHe ,llJUI ,llHl\Jl\JepCHI.\HanhHoro ypaBHeHHlI, KacalOwerocll ocecHMMeTpH'leCKOH
MaJlOH Llel\JopMaQHH, KpyrnoH llHnHHLlPH'IeCKOH 060nO'lKH. TonWHHa 060nO'lKH H3MCHlICTCSI nopH3BonhHO
BLlonh ee OCH. ,LI,JUI paC'IeTa npHMeHlIeTClI MeTO,ll KoxpaHa MHorOKpaTHhlx MaCWTa6oB, KOTOPbIH lIBnlleTCSI
onpe,lleneHHhIM cnoco60M paC'IeTa OLlHHapHhlx 3aLla'l nepTyp6allHH. Pe3ynhTaThI cpaBHHBalOTCSI C H3BeCT­
HhlMH peweHHSlMH, B 3aMKHyToM BHJ.\e, ,llJlSl cny'laeB, rLle TaKHe peweHHll cywecTBylOT.


